over localizations and completions of O E . Indeed, perhaps the main application of Shimura varieties is to Langlands' program to associate Galois representations to automorphic representations. A related goal is to express the Hasse-Weil zeta functions of Shimura varieties as a product of automorphic L-functions.
After some earlier work by Eichler, Shimura, Sato and Ihara, a general plan for realizing this goal was given by Langlands, first for the local factor of the zeta function at a prime of good (i.e. smooth) reduction. 2 Langlands suggested expressing the numbers of points over finite fields of an integral model in terms of orbital integrals which appear in versions of the Arthur-Selberg trace formula. This was extended and realized in many cases, mainly by Kottwitz ([28, 29] , see [33] ). It is now often referred to as the Langlands-Kottwitz method. Langlands also considered the local factor of the zeta function for an example of a Shimura surface at a prime of bad (non-smooth) reduction [32] . This example was treated carefully and the argument was extended to a larger class of Shimura varieties by Rapoport and Zink [46] and by Rapoport [43] . At primes of bad reduction, the singularities of the model have to be accounted for; the points need to be weighted by the semi-simple trace of Frobenius on the sheaf of nearby cycles. In fact, the Galois action on the nearby cycles can be used to study the local Langlands correspondence, as in the work of Harris and Taylor [19] . In relation to this, Scholze recently extended the Langlands-Kottwitz method so that it can be applied, in principle at least, to the general case of bad reduction ( [49] ).
A starting point of all the above is the existence of a reasonably well-behaved arithmetic model of the Shimura variety. For some time, such models could only be constructed for Shimura varieties of PEL type, i.e. those given as moduli spaces of abelian varieties with additional polarization, endomorphism, and level structures, and over primes at which the level subgroup is "parahoric" (e.g. [47] ). Recently, due to advances in p-adic Hodge theory and in our understanding of the underlying group theory, the construction has been extended to most Shimura varieties of "abelian type" (at good reduction by Kisin [25] , see also earlier work of Vasiu [53] ; at general parahoric level in [27] ). These Shimura varieties include most cases with G a classical group.
The construction and properties of these models is the subject of our report. There are, of course, more uses for these in number theory besides in the Langlands program. For example, one could mention showing Gross-Zagier type formulas via intersection theory over the integers, or developments in the theory of p-adic automorphic forms. Here, we view their construction and study as a topic of its own and discuss it independently of applications.
In fact, there are deep relations and analogies between this subject and the study of other spaces of interest in number theory, representation theory, and the geometric Langlands program, such as moduli spaces of bundles, or versions of affine Grassmannians and flag varieties. Increasingly, these connections, especially with the geometric side of Langlands program, are taking center stage. For example, certain p-adically integral models of homogeneous spaces that ap-pear as subschemes of global ("Beilinson-Drinfeld") affine Grassmannians, the so-called "local models", play an important role. These local models also appear in the theory of deformations of Galois representations [24] . After first giving some background, we start by discussing local models. We then describe results on arithmetic models of Shimura varieties and their reductions, and finish with an account of the local theory of Rapoport-Zink formal schemes.
Acknowledgement: I would like to thank my collaborators, especially M. Kisin and X. Zhu, for making much of the progress reported on here possible, and M. Rapoport for generously sharing his knowledge over the years. §1. Recollections on p-adic groups.
Let G be a connected reductive group over the field of p-adic numbers Q p for a prime number p. LetQ p be an algebraic closure of Q p . We denote by L the p-adic completion of the maximal unramified extension of Q p inQ p and by O L the integers of L. We will also denote by k =F p the algebraically closed residue field of L and by σ the automorphism of L which lifts the Frobenius x → x p .
(
is the inertia subgroup and π 1 (G) I the inertia coinvariants of the algebraic fundamental group π 1 (G) of G overQ p . We denote the kernel of κ G (L) by G(L) 1 .
(1.2) Let S be a maximal split torus of G L . By Steinberg's theorem, G L is quasi-split and the centralizer of S is a maximal torus T of G L . Denote by N the normalizer of T . The quotient W = W G,S = N (L)/T (L) 1 is the IwahoriWeyl group associated to S. It is an extension of the relative Weyl group W 0 = N (L)/T (L) by π 1 (T ) I . Since π 1 (T ) = X * (T ) (the group of cocharacters of T overL), we obtain an exact sequence 1 → X * (T ) I → W → W 0 → 1.
(1.3) Suppose that {µ} is the conjugacy class of a cocharacter µ : G mQ p → GQ p . Then {µ} is defined over the local reflex field E which is a finite extension of Q p contained inĒ =Q p . Denote by O E the integers of E and by k E its residue field. There is a corresponding homogeneous space GĒ/P µ −1 which has a canonical model X µ = X({µ}) defined over E. Here, P ν denotes the parabolic subgroup that corresponds to the cocharacter ν.
A pair (G, {µ}) of a connected reductive group G over Q p , together with a conjugacy class {µ} of a cocharacter µ as above, is a local Shimura pair, 3 if µ is minuscule (i.e., for any root α of GQ p , α, µ ∈ {−1, 0, 1}.) (1.4) We denote by B(G, Q p ) the (extended) Bruhat-Tits building of G(Q p ) [5, 6, 52] . The group G(Q p ) acts on B(G, Q p ) on the left. If Ω is a subset of B(G, Q p ), we write G(Q p ) Ω = {g ∈ G(Q p ) | g · y = y, for all y ∈ Ω} for the pointwise stabilizer of Ω. Similarly, we have the subgroup
By the main result of [6] , if Ω is bounded and contained in an apartment, there is a smooth affine group scheme G Ω over Spec (Z p ) with generic fiber G and with G Ω (O L ) = G(L) Ω , which is uniquely characterized by these properties. By definition, the "connected stabilizer"
A parahoric subgroup of G(Q p ) is any subgroup which is the connected stabilizer G(Q p )
• x of some point x in B(G, Q p ) as above. These are open compact subgroups of G(Q p ). We call G • x a "parahoric group scheme". We now recall some more terms and useful facts ( [52] , [17] 
Then, all maximal open compact subgroups are parahoric.
• x be parahoric and denote byK the corresponding parahoric subgroup G(L) 
There is also a partial order ≤ on these double cosets:
We refer the reader to [41] for the definition of the {µ}-admissible subset
of Kottwitz and Rapoport. This is a finite set which has the following property:
(1.6) Let us continue with the above set-up. The affine Deligne-Lusztig set X K ({µ}, b) associated to G, {µ}, K, and b ∈ G(L), is the subset of G(L)/K consisting of those cosets gK for which g −1 bσ(g) ∈KwK, for some [w] ∈ AdmK({µ}).
If b
′ and b are σ-conjugate b
(1.7) Our last reminder is of the affine Grassmannian of G. By definition, the affine Grassmanian Aff G of G is the ind-projective ind-scheme over Spec (Q p ) which represents (e.g. [40] ) the fpqc sheaf associated to the quotient presheaf given by
Let (G, {µ}) be a local Shimura pair and K a parahoric subgroup of G(Q p ). Denote by G the corresponding parahoric group scheme over Spec (Z p ) so that
A form of the following appears in [44] .
Conjecture 2.1. There exists a projective and flat scheme M K (G, {µ}) over Spec (O E ) which supports an action of G ⊗ Zp O E and is such that:
The scheme M K (G, {µ}) is a local model associated to (G, {µ}) and K.
(2.2) We now consider the following "tameness" condition: (T) The group G splits over a tamely ramified extension of Q p and p does not divide the order of the fundamental group π 1 (G der ) of the derived group.
Under the assumption (T), Conjecture 2.1 is shown in [42] . The construction of the local models in [42] is as follows. (I) We first construct a smooth affine group scheme G over Z p [u] which, among other properties, satisfies:
For this, we use that
] with the tame quotient of the Galois group of Q p ; our tameness hypothesis enters this way. We first obtain the restriction
] by using, roughly speaking, the "same twist" that gives G from its constant form H⊗ Zp Q p . This is quite straightforward when G is quasi-split and the twist is given using a diagram automorphism; the general case uses explicit Azumaya algebras over
] is then given by generalizing some of the constructions of Bruhat and Tits in [6] to this two-dimensional set-up.
(II) Consider the functor that sends ϕ : Z p [u] → R to the set of isomorphism classes of pairs (E, β), with E a G-torsor over A 1 R and β a section of E over Spec (R[u, (u − ϕ(u))
−1 ]). We show that this is represented by an indprojective ind-scheme (the global affine Grassmannian, cf.
. Using the construction of G and [1] , we obtain an equivariant isomorphism
where the base change is given by u → p. (The above isomorphism is induced by t → u − p, with the notation of §1.7 for Aff G .)
Since µ is minuscule and the conjugacy class {µ} is defined over E, the orbit
is equal to the set ofQ p -points of a closed subvariety S µ of Aff
Definition 2.3. We define M K (G, {µ}) to be the (flat, projective) scheme over Spec (O E ) given by the reduced Zariski closure of the image of a) The scheme M K (G, {µ}) is normal. b) The geometric special fiber M K (G, {µ}) ⊗ OE k is reduced and admits a G ⊗ Zp k-orbit stratification by locally closed and smooth strata S [w] , with
c) The closure S [w] of each stratum is normal and Cohen-Macaulay and equal to the union
, where ≤ is given by the Bruhat order.
One main ingredient is the proof, by Zhu [57] , of the coherence conjecture of the author and Rapoport [40] . The coherence conjecture is a certain numerical equality in the representation theory of (twisted) Kac-Moody groups. Its statement is, roughly speaking, independent of the characteristic, and so enough to show in the function field case where more tools are available.
Before [42] , there have been various, often ad hoc, constructions of local models obtained by using variants of linked Grassmannians ( [47] , [39] ; see the survey [41] and the references within, and §3.5 below for an example).
An extension of the above construction of local models, to the case G is the restriction of scalars of a tame group from a wild extension, is given by Levin in [35] . One would expect that a completely general construction of the local model M K (G, {µ}) can be given by using a hypothetical version of the affine Grassmannian in which R → G(R [[u] ]) is replaced by the functor R → G(W (R)). Here W (R) is the ring of p-typical Witt vectors of R. (See §5.5 for a related construction when G is reductive.) Such Witt affine Grassmannians are defined in characteristic p by Zhu [58] (but only "after perfection") and further studied by Bhatt and Scholze [3] ; other variations have been used by Scholze. §3. Global theory: Arithmetic models.
Let (G, {h}) be a Shimura datum as in the introduction. Define µ h :
The G(C)-conjugacy class {µ h } is defined over the reflex field E ⊂Q ⊂ C. Write Z s for the maximal subtorus of the center Z(G) which is R-split but which has no Q-split subtorus and set G c = G/Z s .
(3.1) Consider a Q-vector space V with a perfect alternating bilinear pairing
be the group of symplectic similitudes and X = S ± the Siegel double space. This is the set of homomorphisms h :
give the most important examples of Shimura data. By Riemann's theorem, if V Z is a Z-lattice in V, and h ∈ S ± , the quotient torus V −1,0 /V Z is a complex abelian variety of dimension g. This leads to an interpretation of the Shimura varieties Sh K (GSp(V, ψ), S ± ) as moduli spaces of (polarized) abelian varieties of dimension g with level structure.
(3.2) A Shimura datum (G, X) with X = {h} is of Hodge type, when there is a symplectic space (V, ψ) over Q and a closed embedding ρ : G ֒→ GSp(V, ψ) such that the composition ρ • h lies in the Siegel double space S ± . Then, we also have G = G c . In this case, the Shimura varieties Sh K (G, X) parametrize abelian varieties together with (absolute) Hodge cycles (see below). A special class of Shimura data of Hodge type are those of PEL type [29, §5] , [47, Ch. 6] . For those, the corresponding Shimura varieties Sh K (G, X) are (essentially) moduli schemes of abelian varieties together with polarization, endomorphisms and level structure.
A Shimura datum (G, X) is of abelian type if there is a datum of Hodge type (G 1 , X 1 ) and a central isogeny G der 1 → G der between derived groups which induces an isomorphism (G
Here, the superscript ad denotes passing to the adjoint group: If X = {h}, then X ad = {h ad } with h ad the composition of h :
Roughly speaking, most Shimura data (G, X) with G a classical group are of abelian type.
(3.3) Fix a prime number p and a prime p of the reflex field E above p which is obtained from an embeddingQ ֒→Q p . Let E be the completion of E at p and set G = G Qp . Then {µ h } gives a conjugacy class {µ} of G defined over the local reflex field E and (G, {µ}) is a local Shimura pair.
Fix a parahoric subgroup
. We now assume that a local model M K (G, {µ}) as in Conjecture 2.1 is given for (G, {µ}) and parahoric K. 
c) There is a smooth morphism of stacks over
which is invariant for the G(A p f )-action on the source and is such that the base change λ E is given by the canonical principal
It is important to record that the existence of the smooth λ as in (c) implies:
The significance of (c') is that the singularities of M K (G, {µ}) control the singularities of S Kp (G, X), and so, by (a), also of the integral models
In what follows, we will often assume that K p is sufficiently small without explicitly saying so. The "extension property" (b) ensures that the special fiber of S Kp (G, X) is sufficiently large, in particular, it cannot be empty. Unfortunately, it is not clear that properties (a)-(c) uniquely characterize the schemes S Kp (G, X). We will return to this question later.
(3.5) Before we give some general results we discuss the illustrative example of the Siegel Shimura datum (GSp(V, ψ), S ± ) as in §3.1. Fix a prime p. Set V = V Qp and denote the induced form on V also by ψ. For a Z p -lattice Λ in V , its dual is Λ ∨ = {x ∈ V | ψ(x, y) ∈ Z p , for all y ∈ Λ}. Now choose a chain of lattices {Λ i } i∈Z in V with the following properties: Λ i ⊂ Λ i+1 and Λ i−m = pΛ i , for all i and a fixed "period" m > 0, and Λ ∨ i = Λ −i+a , for all i and (fixed) a = 0 or 1. The chain {Λ i } i∈Z gives rise to a point in the building of G = GSp(V, ψ) over Q p . The corresponding parahoric K is the subgroup of all g ∈ GSp(V, ψ) such that gΛ i = Λ i , for all i. Every parahoric subgroup of G(Q p ) is obtained from such a lattice chain.
In this case, schemes S K (GSp(V, ψ), S ± ) that satisfy the conjecture are given by moduli spaces as we will now explain. Recall that the category AV (p) of abelian schemes up to prime-to-p isogeny has objects abelian schemes and morphisms given by tensoring the Hom groups by Z (p) . We consider the functor which associates to a Z p -algebra R the set of isomorphism classes of m-tuples {(A i , α i ,ν, η)} i∈Z/mZ where (see [47, Ch. 6 ] for details):
1) A i are up to prime-to-p isogeny projective abelian schemes over R,
3)ν is a set of isomorphisms {ν i :
) sufficiently small, this functor is represented by a scheme S KK p (GSp(V, ψ), S ± ) over Z p . The limit over K p is easily seen to satisfy (a) while (b) follows from the Néron-Ogg-Shafarevich criterion for good reduction of abelian varieties. Next, we discuss (c).
For a Z p -algebra R, set Λ i,R := Λ i ⊗ Zp R and denote by a i,R : Λ i,R → Λ i+1,R the map induced by the inclusion Λ i → Λ i+1 and by ( ,
A result of Görtz [14] implies that, in this case, the local model M K (G, {µ}) of [42] represents the functor which sends a Z p -algebra R to the set of sequences {F i } i∈Z , where: F i ⊂ Λ i,R is an R-submodule which is Zariski locally a direct summand of Λ i,R of rank g, and, for all i, we have:
The morphism λ is defined by first showing that the "crystalline" system of modules, homomorphisms and pairings, obtained by applying the Dieudonné functor to {(A i , α i , ν i )}, is locally isomorphic to the corresponding "Betti" system given by the lattice chain {Λ i } and ψ. Then, λ sends {(A i , α i ,ν, η)} to F i given by the Hodge filtration of A i . It is smooth since, by Grothendieck-Messing theory, deformations of an abelian variety are determined by lifts of its Hodge filtration. This argument first appeared in [8] and [12] . It extends to most PEL type cases [47] . In general, we need a different approach which we explain next.
(3.6) We now discuss general results. Assume that p is odd and that (T ) holds. Assume also that the local models M K (G, {µ}) are as defined in [42] . The next result is shown in [27] , following earlier work of Kisin [25] . (ii) Assume that (G, X) is of Hodge type and that the parahoric subgroup K is equal to the stabilizer of a point in the Bruhat-Tits building of G. Then Conjecture 3.4 is true for (G, X) and K. We will first discuss (ii). So, the Shimura datum (G, X) is of Hodge type and the parahoric subgroup K ⊂ G(Q p ) is the stabilizer of a point z in the building B(G, Q p ), i.e. the stabilizer group scheme is already connected,
After adjusting the symplectic representation ρ : G ֒→ GSp(V, ψ) which gives the Hodge embedding, we can find a Z p -lattice Λ ⊂ V = V Qp on which ψ takes Z p -integral values, such that ρ induces 1) a closed group scheme embedding ρ Zp : G = G z ֒→ GL(Λ), and 2) an equivariant closed embedding ρ * :
is the Grassmannian over Z p with R-points given by Rsubmodules F ⊂ Λ ∨ R which are locally direct summands of rank g = dim Q (V)/2. Finding Λ is subtle and uses that the representation ρ is minuscule.
Choose a Z-lattice
gives the unique flat group scheme G Z (p) over Z (p) that extends both G and G.
Here,
where K ′ p is the subgroup of GSp(V, ψ) that stabilizes the lattice Λ, and such that VẐ is also stable by the action of
We define S KK p (G, X) to be the normalization of the reduced Zariski closure of the image of ι E in the integral model S K ′ p K ′p (GSp(V), S ± )⊗ Zp O E (which is a moduli scheme, as in §3.5) and set S K (G, X) := lim ← −K p S KK p (G, X). Checking property (a) is straightforward and (b) follows from the Néron-Ogg-Shafarevich criterion for good reduction. The hard work is in showing (c).
Since VẐ is stable by the action of K ′ , which is sufficiently small, we have a universal abelian scheme over Sh K ′ (GSp(V), S ± ) which we can restrict via ι to obtain an abelian scheme A over Sh K (G, X). By construction, the tensors s α above give sections s α,B of the local system of Q-vector spaces over
⊗ given using the first Betti (singular) cohomology of the fibers A v (C) of the universal abelian variety. These are "Hodge cycles" in the sense that they are of type (0, 0) for the induced Hodge structure on H ⊗ . We are going to chase these around using various comparison isomorphisms.
Let κ ⊃ E be a field with an embedding σ :κ ֒→ C over E of its algebraic closure. Suppose x ∈ Sh K (G, X)(κ) and let A x be the corresponding abelian variety over κ. There are comparison isomorphisms H
, for any prime l. Set s α,B,x be the fiber of s α,B over the complex point σ(x) and denote by s α,dR,x , s α,et,x , the images of s α,B,x under these isomorphisms. The tensors s α,et,x are independent of the embedding σ, are fixed by the action of Gal(κ/κ), and it follows from Deligne's "Hodge implies absolute Hodge" theorem that
). For l = p, the corresponding Gal(κ/κ)-invariant tensors ("Tate cycles") s α,et,x lie in the lattice H
. In order to control the local structure of S KK p (G, X) and eventually relate it to M K (G, {µ}), we need to employ some form of crystalline deformation theory and so we also have to understand the "crystalline realization" of our tensors. Assume that κ = F is a finite extension of E and that the abelian variety A x has good reduction. Then we obtain an O F -valued pointx of S KK p (G, X) that extends x and reduces tox. A key point is to show that the Tate cycles s α,et,x for l = p give, via theétale/crystalline comparison, corresponding "nice" integral crystalline cycles s α,cris,x ∈ D(Ax) ⊗ on the Dieudonné module D(Ax) of the abelian variety Ax over the residue field of F . For this we need a suitably functorial construction that relates crystalline p-adic Galois representations of Gal(F /F ) to Frobenius semilinear objects integrally, and without restriction on the absolute ramification of F . This is provided by the theory of Breuil-Kisin modules [24, 25] .
Let 
Applying Kisin's functor to the Tate cycles s α,et,x gives Frobenius invariant tensorss α ∈ M(T p (A x ) ∨ ) ⊗ . By using the isomorphism above, these give the crystalline cycles s α,cris,x ∈ D(Ax)
⊗ . The main result now is:
such that β ⊗ takes s α ⊗ 1 tos α , for all α.
In addition to the properties of Kisin's functor, the important input in the proof is the statement that all G-torsors over Spec (W 0 [[u]]) − {(0, 0)} are trivial. This uses crucially that G = G • z is parahoric. Using β and the above, we obtain isomorphisms
. This is easily seen to factor through ρ * to the local model M K (G, {µ}) and defines the image of λ oñ
Next, we use β to construct a versal deformation of the abelian scheme Ax over the completion S = O MK (G,{µ}),ȳ of the local ring of M K (G, {µ}) at y = λ(x). This deformation is equipped with Frobenius invariant crystalline tensors that appropriately extends α . It is constructed using Zink's theory of displays [59] . In this, (connected) p-divisible groups over a p-adic ring S are described by "displays", which are systems of Frobenius modules over the ring of Witt vectors W (S). In our case, we give a display over W (S) whose Frobenius semilinear maps are, roughly speaking, valued in the group scheme G. Our construction is inspired by the idea that the local model M K (G, {µ}) should also appear inside a Witt affine Grassmannian (see §2.4 and also §5.5 for a similar construction).
Finally, using a result of Blasius and Wintenberger and parallel transport for the Gauss-Manin connection, we show that there exists a homomorphism S → O S K (G,X),x which matchesx andỹ and then has to be an isomorphism. Property (c') and then (c) follows.
To deal with the case that (G, X) is of abelian type, we follow Deligne's strategy [10] for constructing canonical models for these types. Deligne relates a connected component of the Shimura variety for (G, X) to one of the Hodge type (G 1 , X 1 ) (as in the definition of abelian type above). In this, he uses an action of G ad (Q) ∩ G ad (R) + on these varieties. The argument extends after giving a moduli interpretation for this action. Then, S K (G, X) is constructed, by first taking a quotient of a connected component of S K1 (G 1 , X 1 ) by a finite group action (which is shown to be free), and then "inducing" from that quotient.
The strategy for these proofs is due to Kisin [25] who showed the results when K is hyperspecial (i.e. G is reductive). Then M K (G, {µ}) is the natural smooth model of the homogeneous space X µ and S K (G, X) is smooth over O E . (The condition on π 1 (G der ) is not needed then. Also, the case p = 2 is treated by Kim and Madapusi Pera [23] .) In this important hyperspecial case, the integral models S K (G, X) can be shown to be "canonical", in the sense of Milne: They can be characterized as the unique, up to isomorphism, regular, formally smooth schemes that satisfy (a), (c'), and an extension property stronger than (b) in which Spec (R) is replaced by any regular, formally smooth scheme over O E (see [25] , [55] ). Hence, they are also independent of the various choices made in their construction. It is unclear if schemes satisfying (a), (b) and (c) as in the conjecture, with M K (G, {µ}) given a priori, are uniquely determined in the general parahoric case. In [27] , we show this in a few cases. Regardless, we conjecture that the schemes S K (G, X) produced by the above results are independent of the choices made in their construction.
In the hyperspecial case, there is also earlier work of Vasiu [53] who pursued a different approach (see also [37] ). Vasiu applied directly an integral comparison homomorphism between p-adicétale cohomology and crystalline cohomology due to Faltings, to understand carefully chosen crystalline tensors of low degree that should be enough to control the group.
Let us note here that, in contrast to all the previous theory, there are few results when K is a subgroup smaller than parahoric, even in PEL cases: When K is the pro-p radical of an Iwahori subgroup, combining the above with results of Oort-Tate or Raynaud on p-torsion group schemes, often leads to well-behaved models ( [38] , [18] ). Also, when the deformation theory is controlled by a formal group (or "O-module") of dimension 1 (as is in the case of modular curves) the notion of Drinfeld level structure can be used to describe integral models for all level subgroups ( [21] , [19] ). §4. Reductions: Singularities and points.
(4.1) Singularities: Kottwitz-Rapoport stratification and nearby cycles. To fix ideas, we assume that the assumptions of Theorem 3.7 (ii) are satisfied so that the result applies. In particular, (G, X) is of Hodge type.
Since the morphism λ is smooth, Theorem 2.5 implies that special fiber S ⊗ OE k E is reduced, and that we obtain a stratification of S ⊗ OEFp by locally closed smooth strata S [w] = λ Now pick a prime l = p and consider the complex of nearby cycles RΨ(S ,Q l ) of S → S on S ⊗ OEFp . This is obtained from the nearby cycles RΨ(M,Q l ) of M → S by pulling back along the smooth λ. Set f = [k E : F p ] and q = p f . For each r ≥ 1, the semi-simple trace of Frobenius [43] defines a function
The smoothness of λ and G, and Lang's lemma, gives that ψ K,r factors through
Denote by Q p n the unramified extension of
By combining results of [42] on RΨ(M,Q l ) with the above, we obtain: c) Suppose that G is split over Q q r . Then in (b) above, we can take z µ,r such that q −d/2 z µ,r is a Bernstein function for µ.
Part (c) has been conjectured by Kottwitz, see [44, (10. 3)] and also work of Haines [15] for more details and an extension of the conjecture. Let us mention that the study of RΨ(M,Q l ) in [42] (as also the proof of Theorem 2.5), uses techniques from the theory of the geometric Langlands correspondence. The "Hecke central" statement was first shown by Gaitsgory for split groups over function fields [13] , and by Haines and Ngô for unramified unitary and symplectic groups [16] . Gaitsgory's result was, in turn, inspired by Kottwitz's conjecture.
(4.4) Points modulo p. Under certain assumptions, Langlands and Rapoport gave a conjectural description of the set ofF p -points of a model of a Shimura variety together with its actions by Frobenius and Hecke operators [34] . The idea, very roughly, is as follows (see also [31] , [29] ). Since, as suggested by Deligne, most Shimura varieties are supposed to be moduli spaces of certain motives, we should be describing this set via representations of the fundamental groupoid attached to the Tannakian category of motives overF p . A groupoid Q which should be this fundamental groupoid (and almost is, assuming the Tate conjecture and other standard conjectures) can be constructed explicitly. Then "G-pseudo-motives" are given by groupoid homomorphisms ϕ : Q → G. The choice of the domain X imposes restrictions, and we should be considering only ϕ which are "admissible". Then, we also give p and prime-to-p level structures on these ϕ, as we do for abelian varieties.
The Langlands-Rapoport conjecture was corrected, modified and extended along the way ( [48] , [26] ). The conjecture makes better sense when it refers to a specific integral model of the Shimura variety Sh K (G, X). When K is hyperspecial, p odd, and (G, X) of abelian type, an extended version of the conjecture was essentially proven (with a caveat, see below) by Kisin [26] , for the canonical integral models constructed in [25] . In fact, the conjecture also makes sense when K is parahoric, for the integral models of [27] . More precisely, let us suppose that the assumptions of Theorem 3.7 are satisfied and that S K (G, X) is provided by the construction in the proof.
where Φ E is the Frobenius over k E and the rest of the notations and set-up follow [44, §9] , [26, (3. 3)] (taking into account the remark (3.3.9) there). Due to lack of space, we will omit an account of any of the beautiful and subtle arguments in Kisin's proof, or in related earlier work by Kottwitz ([29] ) and others. We hope that the interested reader will consult the original papers. Let us just mention here that R. Zhou [56] has recently made some progress towards the proof of Conjecture 4.5. §5. Local theory: Formal schemes. 
Assuming X K ({µ}, b) exists, let X K ({µ}, b) be its underlying reduced scheme which is locally of finite type over Spec (k E ). (Then X K ({µ}, b) could be called an affine Deligne-Lusztig "variety".) Its "perfection" X K ({µ}, b) perf , has been constructed by Zhu [58] , using a Witt vector affine flag variety. The rigid-analytic fiber X K ({µ}, b)
rig over E would be the local Shimura variety for (G, {µ}, [b]) and level K whose existence is expected by Rapoport and Viehmann [45] .
Let us take G = GL n , µ d (z) = diag(z, . . . , z, 1, . . . , 1) −1 , with d copies of z, and K = GL n (Z p ). For simplicity, set W = W (F p ). The formal schemes X GL n := X K ({µ d }, b) were constructed by Rapoport and Zink [47] : Fix a pdivisible group H 0 of height n and dimension d overF p with Frobenius F = b · σ on the rational Dieudonné module. Then the formal scheme X GL n⊗ Zp W represents ([47, Theorem 2.16]) the functor which sends a W -algebra R with p nilpotent on R, to the set of isomorphism classes of pairs (H, τ ), where: H is a p-divisible group over R, and τ : H 0 ⊗ k R/pR H ⊗ R R/pR is a quasi-isogeny. The formal scheme X GL n over Spf(Z p ) is obtained from this by descent. This construction of X K ({µ}, b) generalizes to (G, {µ}) that are of "EL" or "PEL" type, for many parahoric K; these types are defined similarly to (and often arise from) global Shimura data (G, X) of PEL type.
( 5.3) The integral models S K (G, X) of Conjecture 3.4 and the formal schemes X K ({µ}, b) above, should be intertwined via the bijection (LR) as follows:
Suppose that (G, X) is a Shimura datum which produces the local Shimura pair (G, {µ
which, onF p -points is given by (LR) and surjects on the "isogeny class" [ϕ 0 ] of x, and induces isomorphisms on the formal completions at closed points. An interesting special case is when the σ-conjugacy class [b] is basic ( [30] ). Then the image Z of ix should be closed in the special fiber of S K (G, X) and ix should be giving a "p-adic uniformization" (cf. [47] )
Assume that (G, X) is of Hodge type and that the rest of the assumptions of Theorem 3.7 (ii) are also satisfied. Then we can hope to construct X K ({µ}, b) using the model S K (G, X) as follows: First consider the fiber product
where ι is an appropriate Hodge embedding as in [25] , or [27] , and X GSp is the Rapoport-Zink formal scheme for the symplectic PEL type. Then, provided we have the set map X K ({µ}, b) → S K (G, X)(F p ) sending 1 ·K tox (as predicted by the (LR) conjecture), we can define X K ({µ}, b) to be the formal completion of F along the (closed) subset given by X K ({µ}, b). The existence of the "uniformization" morphism ix follows immediately. Howard and the author applied this idea to show:
Theorem 5.4. ( [20] ) Assume p = 2, (G, X) is of Hodge type and K is hyperspecial. Choose a Hodge embedding ρ, a lattice Λ, and tensors {s α } α , as in the proof of Theorem 3.7 (ii). Supposex ∈ S K (G, X)(F p ) and b are as above. Then, X K ({µ}, b) satisfying Conjecture 5.2 can be defined as above, and only depends, up to isomorphism, on (G, {µ}, b, K) and ρ Zp : G → GL(Λ).
For basic [b] , the uniformization (U ) also follows. In the above result, the formal scheme X K ({µ}, b)⊗ OE W represents a functor on the category of formally finitely generated adic W -algebras (A, I) which are formally smooth over W/(p m ), for some m ≥ 1 as follows. Set H 0 for the p-divisible group Ax[p ∞ ]. We send (A, I) to the set of isomorphism classes of triples (H, τ, {t α } α ), where H is a p-divisible group over A, τ : H 0 ⊗ k A/(p, I) H ⊗ A A/(p, I) is a quasi-isogeny, and t α are (Frobenius invariant) sections of the Dieudonné crystal D(H) ⊗ . We require that the pull-backs τ * (t α ) agree in D(H 0 ⊗ k A/(p, I)) ⊗ [1/p] with the constant sections given by s α,crys,x , and also some more properties listed in [20, (2.3. 3), (2.3.6)]. For K hyperspecial, a different, local, construction of the formal scheme X K ({µ}, b) (still only for "local Hodge types") first appeared in work of W. Kim [22] .
(5.5) In some cases, we can also give X K ({µ}, b) directly, by using a group theoretic version of Zink's displays. Assume that K is hyperspecial, so G is reductive over Z p . Set G W = G ⊗ Zp W and pick µ : G mW → G W in our conjugacy class. Set L + G, resp.
LG, for the "positive Witt loop" group scheme, resp. "Witt loop" ind-group scheme, representing R → G(W (R)), resp. R → G(W (R) [1/p] ). Let H µ be the subgroup scheme of L + G W with R-points given by g ∈ G(W (R)) whose projection g 0 ∈ G(R) lands in the R-points of the parabolic subgroup scheme P µ ⊂ G W associated to µ. We can define a homomorphism Φ G,µ :
, with F given by the Frobenius W (R) → W (R) ( [7] ). Let R be a p-nilpotent W -algebra. Set
where ( * ) is taken in LG(R) and the quotient is for the action given by (U, g) · h = (h −1 U Φ G,µ (h), gh).
Denote by X G theétale sheaf associated to R → X ′ G (R). If R is perfect, then F is an isomorphism and W (R) is p-torsion free, so a pair (U, g) with g −1 bF (g) = U µ σ (p) is determined by g. Then
In particular, X G (F p ) = X ′ G (F p ) ∼ = X K ({µ}, b) and the perfection of X G agrees with the space X K ({µ}, b) perf of Zhu [58] . If X G is representable by a formal scheme, then this satisfies Conjecture 5.2 and gives X K ({µ}, b)⊗ OE W . Theorem 5.6. ( [7] ) Let ρ Zp : G ֒→ GL n be a closed group scheme embedding. Suppose ρ Zp • µ is minuscule and ρ Zp (b) has no zero slopes. Then the restriction of X G to Noetherian p-nilpotent W -algebras is represented by a formal scheme which is formally smooth and locally formally of finite type over Spf(W ).
The proof also gives that, if X K ({µ}, b) is defined as in Theorem 5.4 and ρ Zp (b) has no zero slopes, then X G (R) = X K ({µ}, b)(R), for R Noetherian. Hence, then X K ({µ}, b) of Theorem 5.4 is independent of ρ Zp .
